The main purpose of this paper is to prove the generalized HyersUlam-Rassias stability of J * -homomorphisms between J * -algebras.
Introduction
In 1940, S. M. Ulam posed the following problem concerning the stability of group homomorphisms [13] :
Given a group G 1 , a metric group (G 2 , d) and a positive number ǫ, does there exist a δ > 0 such that if a function f : G 1 → G 2 satisfies the inequality d(f (xy), f (x)f (y)) < δ for all x, y ∈ G 1 then there exists a homomorphism T : G 1 → G 2 such that d(f (x), T (x)) < ǫ for all x ∈ G 1 . If this problem has a solution, we say that the homomorphisms from G 1 to G 2 are stable or the functional equation ϕ(xy) = ϕ(x)ϕ(y) is stable. In 1941, D. H. Hyers gave a partial solution of Ulam's problem in the context of Banach spaces as the following [7] :
Suppose that E 1 , E 2 are Banach spaces and f : E 1 → E 2 satisfies the following condition: there is ǫ > 0 such that f (x + y) − f (x) − f (y) < ǫ for all x, y ∈ E 1 . Then there is an additive mapping T :
Now, assume that E 1 and E 2 are real normed spaces with E 2 complete, f : E 1 → E 2 is a mapping such that f (tx) is continuous in t ∈ R for each fixed
x ∈ E 1 , and let there exist ε ≥ 0 and p ∈ [0, ∞) − {1} such that
for all x, y ∈ E 1 . It was shown by Th. M. Rassias [11] for p ∈ [0, 1) and Z.
Gajda [2] for p > 1 that there exists a unique linear map T :
Hyers-Ulam-Rassias stability. It is shown that there is no analogue of Rassias result for p = 1 (see [12] ).
In 1992, a generalization of Rassias' theorem was obtained by Gȃvruta as follows [3] :
Suppose (G, +) is an abelian group, E is a Banach space and the so-called
for all x, y ∈ G, then there exists a unique mapping T : G → E such that
During the last decades several stability problems of functional equations have been investigated in spirit of Hyers-Ulam-Rassias, see [1] .
By a J * -algebra we mean a closed subspace A of a C * -algebra such that xx * x ∈ A whenever x ∈ A. Many familiar spaces are J * -algebras [4] . For example, (i) every Cartan factor of type I, i.e., the space of all bounded operators B(H, K) between Hilbert spaces H and K; (ii) every Cartan factor of type IV , i.e., a closed * -subspace A of B(H) in which the square of each operator in A is a scalar multiple of the identity operator on H; (iii) every JC * -algebra; (iv) every ternary algebra of operators [5] .
A J * -homomorphism between J * -algebras A and B is defined to be a linear
In particular, every * -homomorphism between C * -algebras is a J * -homomorphism.
In [9] , the first author establishes the stability of * -homomorphisms of a C * -algebra. Using Rassias' technique [11] and some similar methods as in [10] , we generalize some of the results for J * -homomorphisms.
Throughout this paper, A and B denote J * -algebras.
Main results
Our main purpose is to prove the generalized Hyers-Ulam-Rassias stability of
Proposition 2.1. Let r > 1, and let T : A → A be a mapping satisfying
for all x ∈ A and let there exist a function ϕ :
for all λ ∈ C and all x, y, z ∈ A. Then T is a J * -homomorphism.
Proof. T (0) = 0 since T (0) = rT (0). Put x = y = 0 in (1). Then
for all z ∈ A. The right side tends to zero as n → ∞. So
Similarly, one can shows that
for all x, y ∈ A. 2 Theorem 2.2. Suppose h : A → B is a mapping with h(0) = 0 for which there exists a function ϕ :
for all µ ∈ S 1 = {λ ∈ C : |λ| = 1} and all x, y, z ∈ A. Then there exists a unique J * -homomorphism T : A → B such that
for all x ∈ A.
Proof. In (2), assume that z = 0 and µ = 1. Then the Gȃvruta theorem implies that there is a unique additive mapping T : A → B given by
for all µ ∈ S 1 and all x ∈ A. So
for all µ ∈ S 1 and all x ∈ A. Hence the right side tends to zero as n → ∞, it follows that
for all µ ∈ S 1 and all x ∈ A. Obviously, T (0x) = 0 = 0T (x).
Next, let λ ∈ C(λ = 0) and let M be a natural number greater than 4|λ|.
= 1/3. By Theorem 1 of [8] , there exist three elements
By the additivity of T we get
T (x) for all x ∈ A. Therefore,
for all x ∈ A. So that T is C-linear.
for all z ∈ A. It follows that T is a J * -homomorphism satisfying the required inequality. 2 
for all µ ∈ S 1 and all x, y, z ∈ A.
Since in a C * -algebra
and every J * -homomorphism is norm decreasing [6] , we conclude that h(xx
Note also that h is not linear. Further, T (0) = lim n→∞ h(0) 2 n = 0 and for x = 0 we have
for all x ∈ A, since for sufficiently large n, 2 n x ≥ 1. Thus T is identically zero and
Corollary 2.4. Suppose that h : A → B is a mapping with h(0) = 0 for which there exist constants α ≥ 0 and p ∈ [0, 1) such that
for all µ ∈ S 1 and all x, y, z ∈ A. Then there is a unique J * -homomorphism
Theorem 2.5. Suppose that h : A → B is a mapping with h(0) = 0 for which there exists a function ϕ :
for µ = 1, i and all x, y, z ∈ A. If for each fixed x ∈ A the function t → h(tx) is continuous on R, then there exists a unique J * -homomorphism T :
Proof. Put z = 0 and µ = 1 in (3). It follows from the Gȃvruta theorem that there exists a unique additive mapping T : A → B given by
T (x) = lim n→∞ h(2 n x) 2 n for all x ∈ A.
By the same reasoning as in the proof of the main theorem of [11] , the mapping T is R-linear.
Assuming y = z = 0 and µ = i, it follows from (3), we have h(ix) − ih(x) ≤ ϕ(x, 0, 0) for all x ∈ A. Hence 1 2 n h(2 n ix) − ih(2 n x) ≤ ϕ(2 n x, 0, 0)
for all x ∈ A. The right side tends to zero, so
for all x ∈ A. For every λ ∈ C, λ = s + it in which s, t ∈ R we have T (λx) = T (sx + itx) = sT (x) + tT (ix) = sT (X) + itT (x) = (s + it)T (x) = λT (x)
for all x ∈ A. Thus T is C-linear. 2
